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Forces Acting on a Toboggan
by Brendan Simons. October 2001

Background:
Tthe following theory sheets are aimed to help students involved with the Great Northern Concrete Toboggan Race better
understand the underlying physics behind making a concrete sled. This article deals with the challenge of making a ski shape
that slides down the hill. Hopefully this will be the first in a series of articles dealing with speed, stability, concrete and
braking. Enjoy.

Theory:
During it's course down the hill, a toboggan encounters four major forces as illustrated in figure 1:

. 1 Gravity

. 2 Air Resistance

. 3 Induced Drag

. 4 Skin Friction Drag

Let's look at each force individually:
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Gravity
From basic physics, we know:

Where m is the sled's mass (typically about 500kg) and g is the acceleration due to gravity. The component of this force in the
downhill direction does all the useful work making our sled go fast. The component perpendicular to the hill pushes on the
snow which contributes to the drag. How can we increase this force?

Air Resistance
The equation for aerodynamic viscous drag is

where v is velocity, Aproj is the frontal area, rho is the density of air and Cd can be estimated from wind tunnel tests of
various shapes as shown in figure 2 [1]:



02/06/2007 01:19 AMGNCTR toboggan forces

Page 3 of 9file:///Users/BJ/Documents/My%20Documents%2002-04/cenggnctr/2002/gnctrforces/index.html

Plugging in numbers, , which is practically negligeable.

Induced Drag
The induced drag is the force caused by pushing snow out of the way at the front of the sled. This is analogous to "pressure
drag" of airfoils. While no one has done "snow-tunnel" testing of toboggans, it is reasonable to assume this drag force behaves
similarly to the viscous drag calculated in section 2, where:

Where the terms are similar to those in section 2. Since

Where w is the "ski" width, and h is the depth of sinkage. Thus the induced drag force is directly proportional to the depth of
sinkage.

How much will a sled sink? For that we turn to snow properties. These were extensively reasearched in the early 60s [2,5,8],
and less so today, to understand avalanches and vehicle (especially militairy) mobility in snow. The results are summarized as
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follows:

Snow is a "four element visco-elastic" material, meaning, among other things, that under continous loads it curshes and
does not spring back. For high strain rates however snow can be modeled as a more traditional elastic material.

The properties of snow were measured in labs, and in the field using devices called "penetrometers" as illustrated in
figure 3. The results of these investigations are shown as a function of snow density in figure 4 and 5. [2]
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Notice a few things:

First, the snow stiffness is relatively high (10MPa) compared to the low strength (0.01MPa). This means the snow will
not deflect much until it yields.

Second both strength and stiffness expand exponentially with density, meaning a little more packed snow can take a lot
more weight.

Lastly, notice there is a lot of scatter in the graph. Bear that in mind in the following calculations.

What are typical snow densities? Fortunaely these are measured quite frequently for "Hydrology Surveys" [6] (Finding the
amount of water that will be available from the snow in spring) and snow construction manuals [3,4,7]. Some empirical
qualities of different density snow are listed in tables 1 and 2:
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Table 1: Snow density under various conditions Snow type Density adapted from California Department of Water Resources,
1997

Type of Snow Density (kg/m3) Comments
wild snow 30-50 still air at temperature below -30C
light powder 50-100 newly-fallen, -20C
powder 150-200 newly-fallen, at -10C
windslab 250-300 redeposited, at -10C
wet snow 300-350 melting at -4 to 2C
packed 350-400 boot-compacted powder - lower limit of negotiability by people wearing boots
very compact 500-600 negotiable by wheeled vehicles
"bubbly ice" 800 spaces between snow crystals close off

Table 2: . Recommendations for average and worst-case snow density and depth values for interior Alaska, central Germany
and Korea. [3]

Location Density (kg/m3) Depth (m)
Alaska
Average 230 50
Worst Case 425 125
Central Germany
Average 275 25
Worst Case 400 60
Korea
Average 275 18
Worst Case 400 38

Turning back to the question of sinkage. Neclecting the elastic strain, the snow will crush plastically until it achieves a high
enough density to support it. ie:
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Where d is the original depth of the snow, epsilon is the strain, and rho(sigma) is the density at the required strength. We are
now prepared to produce a stress strain curve for different densities of snow:

Note that the axes are swapped, strain vs stress (Pa) compared to a normal stress strain curve. Note also the width plotted
corresponds to an 8' long ski/slab. The width/stress curve will look slightly different for different length sleds. What does this
mean? Since the induced drag force is linearly proportional to strain, we can expect this drag to be lowest when the sled exerts
a stress lower than the strength (the point on figure 6 where the curves jump upwards) of the initial density snow (which has to
be reasonably guessed).
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Friction drag
Finally, the active mechanism which makes skis go fast, is the heat generated by their friction causes the snow to melt and
leave a micron thick "mixed film lubrication" layer of snow and water, with the wax acting to repel the water below[10]. Since
this friction is also viscous, it is proportional to a drag factor, area, and velocity squared. Friction forces for waxed skis on
snow (presumable with no sinkage, and some standard ski size) have been measured from 0.02 to 0.05 the skiers weight. What
does this mean? The friction drag will increase with increasing area, but not very quickly. In other words, the friction drag
force will follow the shape of the curve of width (for constant length) in figure 6, but probably far below it.

The total drag force
neglecting 2, is thus the sum of 3 and 4 as illustrated in figure 7:

Note that the curves in figure 7 are only reprasentative (no units). The relative contributions of induced drag and skin friction
drag need to be researched further.

Conclusions:
The goal is to design a sled to operate at the minimum in the Blue U-Curve above. Unfortunately with changing snow density
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and friction coefficients, it's almost impossible to predict where the minimum will be. You can derive some important
relationships though. The curve on the left of the low point is much steeper than the one on the right for just about all
conditions. That means the viscous friction drag is less of a factor than the pressure induced drag, so don't be afraid to make
the sled bigger than necessary. I can tell you that our team had many years of success using a hybrid design: A slab no wider
than one person's bum, and long enough to sit the team of five in a line (These are about the same dimensions as the classic
curved-front wooden toboggan, which, as any aficionado knows, are the fastest of all sleds). Under the slab we moulded a
shallow channel so that the edges formed two 4" wide, 1/4" deep skis. When the snow was soft, the wide, long slab would
float above the powder, presenting a minimum of frontal area. When the conditions were icy enough to support the sled on the
skis only, it would run with a fraction of the wetted area. The design was good enough to win Carleton the speed prize for four
years in a row, but I'm sure there's room for improvement. By presenting the above formulii, I hope to encourage ever faster
concrete toboggans, and make GNCTR ever more ludicrous. Good luck, and wear a helmet.
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